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ALMOST DISCRETE VALUATION DOMAINS
D. D. ANDERSON∗, SHIQI XING, AND MUHAMMAD ZAFRULLAH
Abstract. Let D be an integral domain. Then D is an almost valuation
(AV-)domain if for a, b ∈ D \ {0} there exists a natural number n with an | bn
or bn | an. AV-domains are closely related to valuation domains, for example,
D is an AV-domain if and only if the integral closure D is a valuation domain
and D ⊆ D is a root extension. In this note we explore various generalizations
of DVRs (which we might call almost DVRs) such as Noetherian AV-domains,
AV-domains with D a DVR, and quasilocal and local API-domains (i.e., for
{aα}α∈Λ ⊆ D, there exists an n with ({a
n
α
}α∈Λ) principal). The structure of
complete local AV-domains and API-domains is determined.
Let D be a commutative integral domain. Recall from [4, Definition 5.5] that a
domain D is called an almost valuation domain (AV-domain) if for a, b ∈ D∗ :=
D \ {0}, there exists a natural number n = n(a, b) with an | bn or bn | an. As
expected, AV-domains are closely related to valuation domains. For example (see
Theorem 2), a domain D is an AV-domain if and only if D, the integral closure
of D, is a valuation domain and D ⊆ D is a root extension (i.e., for each x ∈ D,
there exists a natural number n = n(x) with xn ∈ D). The purpose of this article
is to study AV-domains which in some way generalize the notion of a DVR. (Here
by a DVR (discrete valuation ring) we mean a rank-one discrete valuation domain,
or equivalently, a local PID which is not a field.) As we shall see there are plenty
of different possible ways to define an “almost DVR”. But first we give a little
background.
In his study of almost factoriality, Zafrullah [7] introduced the notion of an
almost GCD domain (AGCD-domain). Recall that a domain D is called an AGCD-
domain if for a, b ∈ D∗, there exists a natural number n = n(a, b) with anD⋂ bnD
(or equivalently, (an, bn)v) principal. It was shown in [7, Theorems 3.1 and 3.4]
that (1) if a domain D is an AGCD-domain, then D ⊆ D is a root extension and
D is an AGCD-domain and (2) an integrally closed domain is an AGCD-domain if
and only if it is a PvMD with torison t-class group [7, Corollary 3.5 and Theorem
3.9].
Anderson and Zafrullah [4] introduced the notion of an almost Be´zout domain
(AB-domain) and these domains were further studied in [2]. Recall that D is called
an AB-domain if for a, b ∈ D∗, there exists a natural number n = n(a, b) with
(an, bn) principal. It was shown that (1) a domain D is an AB-domain if and only
if D ⊆ D is a root extension and D is an AB-domain [4, Theorem 4.6] and (2)
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an integrally closed domain is an AB-domain if and only if it is a Pru¨fer domain
with torsion class group [4, Theorem 4.7]. Also a domain D is called an almost
principal ideal domain (API-domain) if for any nonempty subset {dα}α∈Λ of D∗,
there exists a natural number n = n({dα}α∈Λ) with ({dnα}α∈Λ) principal. Now an
integrally closed domain is an API-domain if and only if it is a Dedekind domain
with torsion class group [4, Theorem 4.12]. However, unlike the AV-domain and
AB-domain cases, we can have D ⊆ D a root extension and D is an API-domain
(even a DVR) without D being an API-domain [4, Example 4.14]. Of course an
API-domain is an AB-domain and hence D ⊆ D is a root extension with D being
an AB-domain (equivalently, a Pru¨fer domain with torsion class group), but it is
not known whether D must actually be a Dedekind domain. In the case where
D ⊆ D is a bounded root extension (i.e., there exists a natural number n with
xn ∈ D for each x ∈ D), D is an API-domain if and only if D is an API-domain [4,
Theorem 4.11]. However, if D ⊆ D is a root extension and D is an AGCD-domain
(even a UFD), D need not be an AGCD-domain (see [2, Example 3.1]).
We next give a brief review of root extensions. An extension R ⊆ S of com-
mutative rings is a root extension if for each s ∈ S, there exists a natural number
n = n(s) with sn ∈ R and is a bounded root extension if there exists a natural
number n with sn ∈ R for each s ∈ S. If R ⊆ S is a root extension, then the
map Spec(S) → Spec(R) given by Q → Q⋂R is a homeomorphism with inverse
P → {s ∈ S | sn ∈ P for some natural number n} [4, Theorem 2.1]. Hence
dimR = dimS (this also follows since R ⊆ S is an integral extension) and R
is quasilocal if and only if S is quasilocal. Note that if R ⊆ S is a (bounded)
root extension, then T (R) ⊆ T (S) is also a (bounded) root extension, where T (R)
(resp., T (S)) is the total quotient ring of R (resp., T (S)). The following theorem
characterizes when a field extension is a (bounded) root extension.
Theorem 1. Let K ⊆ L be a field extension.
(1) ([6]) K ⊆ L is a root extension if and only if L/K is purely inseparable
(which in the characteristic 0 case means K = L) or L is algebraic over a
finite field.
(2) ([2, Corollary 2.2]) K ⊆ L is a bounded root extension if and only if L is
purely inseparable over K of bounded exponent (i.e, K = L or Lp
n ⊆ K for
some natural number n where charK = p) or L is finite.
(3) ([2, Corollary 2.3]) K ⊆ L is a root extension with the property that for
each intermediate field F (K ⊆ F ⊆ L) with [F : K] finite, K ⊆ F is a
bounded root extension if and only if L/K is purely inseparable or K is a
finite field and L is algebraic over K.
We next give some results about AV-domains, some known and some new.
Theorem 2. (1) For an integral domain D with quotient field K, the following
conditions are equivalent.
(a) D is an AV-domain.
(b) D is a valuation domain and D ⊆ D is a root extension.
(c) D is a t-local AGCD-domain (i.e., D has a unique maximal t-ideal).
(d) D is a quasilocal AB-domain.
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(e) If 0 6= x ∈ K∗, there exists a natural number n = n(x) with xn ∈ D
or x−n ∈ D.
(2) A root closed domain D (and hence an integrally closed domain D) is an
AV-domain if and only if D is a valuation domain.
(3) An overring of an AV-domain is an AV-domain.
(4) Let R ⊆ S be a root extension of integral domains. Then R is an AV-
domain if and only if S is an AV-domain.
(5) Let D be an AV-domain and P a prime ideal of D. Then D/P is an
AV-domain.
(6) Let D is an AV-domain with the quotient field K and let L be a subfield of
K. Then D
⋂
L is an AV-domain. Let M be the quotient field of D
⋂
L.
Then D
⋂
M is an valuation domain with quotient field M and D
⋂
L =
D
⋂
M = D
⋂
M .
Proof. (1) The equivalence (a)-(d) is [4, Theorem 5.6], while the equivalence
(a)⇔ (e) is clear.
(2) This immediately follows from (1).
(3) This immediately follows from the equivalence 1(a) and 1(e).
(4) (⇒) Let a, b ∈ S∗, so there exists a natural numbers n with an, bn ∈ R.
So there exists a natural number m with anm | bnm or bnm | anm in R. Hence
anm | bnm or bnm | anm in S.
(⇐) Let a, b ∈ R∗. So there exists a natural number n with an | bn or bn | an
in S. Without loss of generality, suppose that an | bn in S, so san = bn for some
s ∈ S. Choose m with sm ∈ D. Then smamn = bmn. Hence amn | bmn in R.
(5) Suppose that D is an AV-domain. Let x, y ∈ D/P , so x = a + P and
y = b + P for some a, b ∈ D. Without loss of generality, we can assume that
(an) ⊆ (bn) for some natural number n. Then (xn) ⊆ (yn). So D/P is an AV-
domain.
(6) Now D is a valuation domain with quotient field K. So D
⋂
L is a valuation
domain with field L. Let M be the quotient field of D
⋂
L (unlike the valuation
domain case, M may be a proper subfield of L). Then D
⋂
L = D
⋂
M and D
⋂
M
is a valuation overring of D
⋂
L with quotient field M . Since D ⊆ D is a root
extension, D
⋂
M ⊆ D⋂M is a root extension. Then D⋂M = D⋂M and
D
⋂
M is an AV-domain. 
Remark 3. (1) Let D be a subring of a field K. If for each x ∈ K∗, either
x ∈ D or x−1 ∈ D, then D is a valuation domain with quotient field K.
Suppose that we just have for each x ∈ K∗, that xn ∈ D or x−n ∈ D
for some natural number n = n(x). Then while D is an AV-domain, K
need not be the quotient field of D. For example, let M ( N be a purely
inseparable field extension of bounded exponent. Take D = M [[X ]] and
K = N((X)), the quotient field of N [[X ]]. For f ∈ K∗, there is a natural
number n = n(f) with fn ∈ M [[X ]] or f−n ∈ M [[X ]], but the quotient
field of D is M((X)) ( K.
(2) If V is a valuation domain with quotient field K and L is a subfield of
K, then V
⋂
L is a valuation domain with quotient field L. However, if V
is an AV-domain, V
⋂
L need not have quotient field L. Let F ( G be a
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purely inseparable field extension. Let R = F +XG[[X ]], so R = G[[X ]] a
DVR. Now R ⊆ R is a root extension, so R is an AV-domain with quotient
field G((X)). But R
⋂
F = F ( G = R
⋂
G.
We next collect some results about API-domains.
Theorem 4. The following statements hold for API-domains.
(1) A quasilocal API-domain is an AV-domain.
(2) A domain D is a quasilocal API-domain if and only if for each nonempty
subset {aα}α∈Λ of D∗, there exists a natural number n = n({aα}α∈Λ) and
an α0 ∈ Λ, with anα0 | anα for each α ∈ Λ.
(3) A root closed domain D (and hence an integrally closed domain D) is an
API-domain if and only if D is a Dedekind domain with torsion class group.
Thus a root closed quasilocal domain D (and hence an integrally closed
quasilocal domain D) is an API-domain if and only if D is a DVR.
(4) Let R ⊆ S be a bounded root extension of domains. Then R is a (quasilocal)
API-domain if and only if S is a (quasilocal) API-domain.
(5) Let D be an API-domain with [D : D] 6= 0. Then D ⊆ D is a bounded
root extension and hence D is an API-domain. Thus if D is a quasilocal
API-domain with [D : D] 6= 0, D is a DVR.
(6) Let D be an API-domain and S a multiplicatively closed subset of D. Then
DS is an API-domain. If further D is quasilocal, so is DS.
(7) D is an API-domain if and only if DM is an API-domain for each maximal
ideal M of D and D has torsion t-class group Clt(D).
(8) If D is a (quasilocal) API-domain and P is a prime ideal of D, then D/P
is a (quasilocal) API-domain.
(9) Let D be an API-domain containing a field of characteristic 0. Then D is a
Dedekind domain with torsion class group. Hence if (D,M) is a quasilocal
API-domain with charD/M = 0, D is a DVR.
(10) Let D be a quasilocal API-domain with the quotient field K. Let L be a
subfield of K. Then D
⋂
L is a quasilocal API-domain.
Proof. (1) This follows from Theorem 2 (1) or from (2).
(2) (⇐) CertainlyD is an AV-domain, soD is quasilocal. Note that ({anα}α∈Λ) =
(anα0), so D is an API-domain.
(⇒) Since D is an API-domain, ({anα}α∈Λ) is principal for some natural number
n. Since D is quasilocal, a principal ideal is completely join-irreducible. Thus
({anα}α∈Λ) = (anα0) for some α0 ∈ Λ.
(3) [4, Theorem 4.12].
(4) [4, Theorem 4.11] gives that R is an API-domain if and only if S is an
API-domain. Since R ⊆ S is a root extension, R is quasilocal if and only if S is
quasilocal.
(5) Suppose that D is an API-domain with [D : D] 6= 0. Let 0 6= m ∈
[D : D]. Then {md | d ∈ D∗} ⊆ D∗, so there exists a natural number n with
({mndn | d ∈ D∗}) a principal ideal of D. Hence there exist d1, . . . , ds ∈ D∗ with
({mndn | d ∈ D∗}) = Dmndn1 + · · · + Dmndns . Since D ⊆ D is root extension,
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there exists a natural number k with dnki ∈ D for i = 1, . . . , s. Since ({mndn | d ∈
D
∗}) = mndn1D + · · · +mndnsD are principal, ({mndn | d ∈ D
∗})k = ({mnkdnk |
d ∈ D∗})k = (mndn1D + · · · + mndnsD)k = mnkdnk1 D + · · · + mnkdnks D. Hence
dnkmnk ∈ mnkdnk1 D + · · · + mnkdnks D, so dnk ∈ Ddnk1 + · · · + Ddnks ⊆ D. Thus
D ⊆ D is a bounded root extension. Suppose that D is quasilocal. Then D is
an integrally closed quasilocal API-domain. So D is a quasilocal Dedekind domain
and hence D is a DVR.
(6) Let {dα/sα}α∈Λ ∈ D∗S where dα ∈ D∗ and sα ∈ S. Since D is an API-
domain, there is a natural number n with ({dnα}α∈Λ) a principal ideal of D. Then
DS({(dα/sα)n}α∈Λ) = ({dnα}α∈Λ)S is a principal ideal of DS. So DS is an API-
domain. The last statement follows from the fact that a quasilocal API-domain is
an AV-domain and hence Spec(D) is totally ordered.
(7) The proof that D is an AP-domain if and only if each DM is an AV-domain
[4, Theorem 5.8] carries over mutatis mutandis to give that a domain D is an AD-
domain (i.e, for {xα}α∈Λ ⊆ D∗ there exists a natural number n with ({xnα}α∈Λ)
invertible) if and only if DM is an API-domain for each maximal idealM of D. Now
an API-domain being an AGCD-domain has a torsion t-class group [4, Theorem
3.4]. But an AD-domain with torsion t-class group is certainly an API-domain [4,
Theorem 4.11].
(8) The proof is similar to the proof of Theorem 2 (5).
(9) Let I be a nonzero ideal of D. Then there exists a natural number n with
In := ({in | i ∈ I}) principal. Since D contains a field of characteristic 0, In = In
[4, Theorem 6.12]. So In is principal and hence I is invertible. So D is a Dedekind
domain with torsion class group. Note that a quasilocal domain (D,M) contains
a field of characteristic 0 if and only if charD/M = 0. The last statement is now
immediate.
(10) Let {rα}α∈Λ ⊆ D∗
⋂
L. Since D is a quasilocal API-domain, by (2) there
exists a natural number n and α0 ∈ Λ with rnα0 | rnα in D for each α ∈ Λ. Now
rnα0dα = r
n
α for some dα ∈ D. Hence dα = rnα/rnα0 ∈ D
⋂
L. So rnα0 | rnα in
D
⋂
L. 
We next note that the converse of Theorem 4 (5) is not true. D can be a local
API-domain with D ⊆ D a bounded root extension, but [D : D] = 0 (equivalently,
D is not a finitely generated D-module).
Example 5. (D a local API-domain with D ⊆ D a bounded root extension ;
[D : D] 6= 0.) This is Nagata’s example of a one-dimensional local domain D with
D not a finitely generated D-module [5, E 3.2, page 206].) Let K = Zp({Yi}∞i=1)
where {Yi}∞i=1 is a set of indeterminates over Zp, so Kp = Zp({Y pi }∞i=1). Let R =
Kp[[X ]][K] where X is a power series indeterminate over Kp and c =
∑
∞
i=1 YiX
i.
PutD = R[c]. SoD is a DVR andD is not a finitely generatedD-module. Note that
for f ∈ D (resp., f ∈ T (D)), fp ∈ Kp[[Xp]] (resp., fp ∈ Kp((Xp))). Let z ∈ D, so
zn+r1z
n−1+· · ·+rn = 0 where ri ∈ D. Then (zp)n+rp1(zp)n−1+· · ·+rpn = 0 where
rpi ∈ D. So zp ∈ Kp((Xp)) is integral over Zp[[Xp]] and hence zp ∈ Zp[[Xp]] ⊆ D.
So D ⊆ D is a bounded root extension.
Let R be a commutative ring. The lattice L(R) of ideals of R is a complete
multiplicative lattice. Let R and S be two quasilocal rings and suppose that Θ :
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L(R) → L(S) is a complete multiplicative lattice isomorphism. Recall that in a
quasilocal ring an ideal is principal if and only if it is completely join-irreducible.
Thus an ideal J of R is principal if and only if Θ(J) is principal. It easily follows
thatR is an AV-domain (resp., API-domain) if and only if S is an AV-domain (resp.,
API-domain). (The hypothesis that R and S are quasilocal is essential. Indeed, for
any Pru¨fer domain (resp., Dedekind domain) D, D(X) is a Bezout domain (resp,
PID) and the map Θ : L(D) → L(D(X)) given by Θ(J) = D(X)J is a complete
multiplicative lattice isomorphism, c.f. [1, Theorem 8].)
Suppose that (D,M) is a one-dimensional local domain. Then the map Θ :
L(D) → L(D̂) given by Θ(J) = D̂J , where D̂ is the M -adic completion of D,
is a complete multiplicative lattice isomorphism if and only if D̂ is analytically
irreducible (i.e., D̂ is an integral domain). The implication (⇒) is clear. Conversely,
suppose that D̂ is an integral domain. Then any ideal of D (resp., D̂) other than
0 and D (resp., D̂) is M -primary (resp., M̂–primary). Since the map Q → D̂Q
(with inverse the contraction map) is an order preserving bijection between the set
of M -primary ideals of D and the set of M̂ -primary ideals of D̂, Θ is a a complete
multiplicative lattice isomorphism. Thus forD analytically irreducible, D is an AV-
domain (resp., API-domain) if and only if D̂ is an AV-domain (resp., API-domain).
Recall that D is analytically irreducible if and only if D is finitely generated D-
module (equivalently, [D : D] 6= 0) and D is a DVR [5]. So Example 5 shows that
a local API-domain D need not be analytically irreducible and hence D̂ need not
be an API-domain. Thus we have the following theorem.
Theorem 6. Let (D,M) be a local domain. Consider the following statements.
(1) D is an AV-domain (resp., API-domain).
(2) D ⊆ D is a root extension (resp., bounded root extension) and D is a DVR
(equivalently, dimD = 1).
(3) D̂ is an AV-domain (resp., API-domain).
Then (3)⇒ (2)⇒ (1) and if D is a finitely generated D-module, (1)⇒ (3).
Proof. Since (1), (2) and (3) give that dimD = 1 and for a root extension D ⊆ D,
D is a DVR if and only if dimD = 1, we may assume that dimD = 1 and replace
(2) by (2′): D ⊆ D is a root extension (resp., bounded root extension).
(3) ⇒ (2) Suppose that D̂ is an AV-domain (resp., API-domain). So D̂ is an
integral domain and hence from the previous paragraph, D̂ an AV-domain (resp.,
API-domain) gives that D is an AV-domain (resp., API-domain). Thus if D is an
AV-domain, D ⊆ D is a root extension. Suppose that D̂ is an API-domain. Then
D̂ being a domain gives [D : D] 6= 0, and hence by Theorem 4 (5), D ⊆ D is a
bounded root extension.
(2)⇒ (1) Suppose that D ⊆ D is a root extension. Then dimD = 1 gives that
D is a DVR and hence D is an AV-domain. Suppose that D ⊆ D is a bounded
root extension. Then D is an API-domain by Theorem 4 (4).
Suppose that D is a finitely generated D-module. If D is an AV-domain (or
an API-domain), then D is a DVR. Hence D is analytically irreducible. By the
remarks of paragraph preceding Theorem 6, we have that D an AV-domain (resp.,
API-domain) gives that D̂ is an AV-domain (resp., API-domain). 
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The next two theorems give a complete characterization of complete local AV-
domains and API-domains.
Theorem 7. (Equicharacteristic case)
(1) Let (D,M) be a complete local AV-domain (resp., API-domain) with char
D/M(= charD) = 0. Then D is a DVR and hence D ∼= K[[X ]] where
K ∼= D/M is a coefficient field for D.
(2) Let k ⊆ K be a root extension of fields (resp., bounded root extension) where
chark = p > 0. Let m be a natural number. Suppose that D is a domain
with k + K[[X ]]Xm ⊆ D ⊆ K[[X ]]. Then D is a quasilocal AV-domain
(resp., quasilocal API-domain) with D = K[[X ]]. More precisely, (D,M)
is an API-domain if and only if D/M ⊆ K is a bounded root extension.
Suppose that [K : k] < ∞. Then D is a complete local AV-domain (resp.,
complete local API-domain).
(3) Suppose that (D,M) is a complete local AV-domain (resp., complete local
API-domain) with charD = charD/M = p > 0. Then (D,M) is a complete
local DVR, so D ∼= K[[X ]] where K ∼= D/M is a coefficient field for D.
Let k ∼= D/M be a coefficient field for D. So D ⊆ D and hence k ⊆ K is a
root extension (resp., bounded root extension) with [K : k] <∞. Moreover,
k +K[[X ]]Xm ⊆ D ⊆ K[[X ]] where 0 6= [D : D] = K[[X ]]Xm.
Proof. (1) Suppose (D,M) is a complete local AV-domain. Now (D,M) is a
complete DVR and D ⊆ D is a root extension. Thus D/M ⊆ D/M is a root
extension. Since charD/M = 0, D/M = D/M . Choose a coefficient field K for D
(and hence for D). So we can take D = K[[X ]]. Since D is a finitely generated
D-module, there exists a natural number n with 0 6= [D : D] = K[[X ]]Xn. So
K +K[[X ]]Xn ⊆ D ⊆ K[[X ]] and D ⊆ K[[X ]] is a root extension. Suppose that
n > 1. Now there exists a natural number m ≥ 2 with (1 + Xn−1)m ∈ D. Now
(1+Xn−1)m − (1 +mXn−1) = (m2 )(Xn−1)2 + · · ·+ (Xn−1)m ∈ K[[X ]]Xn ⊆ D, so
1 +mXn−1 ∈ D and hence Xn−1 ∈ D. Thus K[[X ]]Xn−1 ⊂ D, a contradiction.
Thus n = 1, so D = K[[X ]]. Suppose that (D,M) is a complete local API-domain.
Then D is also a complete local AV-domain and hence D ∼= K[[X ]]. However, in
this case we can also just quote Theorem 4 (9).
(2) Let R = k+K[[X ]]Xm, so R ⊆ D ⊆ K[[X ]] with R = D = K[[X ]]. Choose
l ≥ 1 with pl ≥ m. Let f = ∑∞i=0 aiX i ∈ K[[X ]], so fp
l
=
∑
∞
i=1 a
pl
i X
pl . Suppose
that an0 ∈ k. Then fp
ln = (fp
l
)n = (an0 )
pl + n(ap
l
0 )
n−1Xp
l
+ · · · ∈ R. Hence if
k ⊆ K is a root extension (resp., bounded root extension), R ⊆ K[[X ]] is a root
extension (resp., bounded root extension). Thus D ⊆ K[[X ]] is a root extension
(resp., bounded root extension). So D is an AV-domain (resp., quasilocal API-
domain). Suppose that D is an API-domain. Since [D : D] 6= 0, Theorem 4 (5)
gives that D ⊆ D is a bounded root extension. Hence D/M ⊆ K is a bounded
root extension. Conversely, suppose that D/M ⊆ K is a bounded root extension.
Let f ∈∑∞i=0 aiX i ∈ K[[X ]]. Choose n with xn ∈ D/M for each x ∈ K. So there
exists a d ∈ D with an0 − d ∈ K[[X ]]X . So anp
l
0 − dp
l ∈ D. Thus fpln ∈ D, so
D ⊆ D is a bounded root extension. Thus D is an API-domain by Theorem 4
(4). Suppose that [K : k] <∞. Then K[[X ]] is a finitely generated R-module and
hence R is Noetherian by the Eakin-Nagata Theorem. But D is a finitely generated
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R-module, so D is also Noetherian. Also, R is a complete local ring and hence so
is D since D is a finitely generated R-module.
(3) Suppose that (D,M) is a complete local AV-domain (resp., complete local
API-domain) with charD = charD/M = p > 0. Now (D,M) is a complete DVR
with charD = charD/M = p > 0, so D ∼= K[[X ]] where K is a coefficient field for
D. Moreover, we can take a coefficient field k ∼= D/M for D with k ⊆ K. Since
D is complete, D is a finitely generated D-module. So 0 6= [D : D] = K[[X ]]Xm
for some natural number m. Since D ⊆ D is a root extension (resp., bounded root
extension), k ⊆ K is a root extension (resp., bounded root extension). Note that
k +K[[X ]]Xm ⊆ D ⊆ K[[X ]]. Since D is a finitely generated D-module, D/M is
a finitely generated D/M -module, that is [K : k] <∞. 
Theorem 8. (Unequal characteristic case) Let (D,M) be a one-dimensional com-
plete local domain with charD = 0 and charD/M = p > 0. Let (C, (p)) be a
coefficient ring for D. Now D is a DVR and D is a finitely generated D-module,
so 0 6= [D : D] = Mn for some natural number n. Then the following statements
are equivalent.
(1) D/M ⊆ D/M is a root extension (resp., bounded root extension).
(2) C/(p) ⊆ D/M is a root extension (resp., bounded root extension).
(3) D ⊆ D is a root extension (resp., bounded root extension).
(4) C +M
n ⊆ D is a root extension (resp., bounded root extension).
(5) D is an AV-domain (resp., API-domain).
(6) C +M
n
is an AV-domain (resp., API-domain).
Proof. Now C/(p) = D/M , so clearly (1)⇔ (2). Also, (3)⇔ (5), (4)⇔ (6), (4)⇒
(3)⇒ (1). So it is suffice to prove (2)⇒ (4). Let x ∈ D, so (x +D/M)k ∈ C/(p)
for some natural number k. So there exists c ∈ C with xk − c ∈M , say xk = c+m
where m ∈ M . Then (xk)p = (c + m)p = cp + pcp−1m + (p2)cp−2m2 + · · · + mp.
Since p ∈ M , xkp − cp ∈ M2. Continuing we get xkpl − cpl ∈ M l+1. Hence
xkp
n−l − cpn−l ∈ Mn ⊆ D. Thus xkpn−l ∈ C +Mn. So C +Mn ⊆ D is a root
extension. Also if C/(p) ⊆ D/M is a bounded root extension, we can take k to be
a fixed natural number. Thus C +M
n ⊆ D is a bounded root extension. 
For an integral domain D with quotient field K, the group of divisibility of
D is the Abelian group G(D) := K∗/U(D) where U(D) is the group of units of
D, partially ordered by xU(D) ≤ yU(D) ⇔ Dy ⊆ Dx. Suppose that (D,M) is
one-dimensional local domain. Then D is a semilocal PID, so G(D) ∼= Zn where
n =| max(D) |. We have a short exact sequence
(∗) 0→ U(D)/U(D)→ G(D)→ G(D)→ 0.
Since G(D) is a finitely generated free Abelian group, (∗) splits. So G(D) ∼=
U(D)/U(D) ⊕ G(D). Suppose that D is an AV-domain. Then D is a DVR. So
G(D) ∼= Z. And since D ⊆ D is a root extension, U(D)/U(D) is torsion. So
G(D) ∼= T ⊕ Z where T is torsion. If further D ⊆ D is a bounded root extension,
U(D)/U(D) is of bounded order, so G(D) ∼= T ⊕ Z where T is of bounded order.
If D is a DVR, we certainly have G(D) ∼= Z. The converse is also true. Suppose
that G(D) ∼= Z. Then G(D) ∼= Z and U(D)/U(D) = 0. So D is a DVR and
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U(D) = U(D). Let x ∈ D. If x is a unit, then x ∈ D while if x is not a unit of D,
1 + x is a unit of D, so 1 + x ∈ D and hence x ∈ D. So D = D is a DVR.
Theorem 9. Let (D,M) be a one-dimensional local domain with (D,M) a finitely
generated D-module.
(1) Suppose that charD/M = 0. Then the following statements are equivalent.
(a) D is an AV-domain.
(b) D is an API-domain.
(c) D is a DVR.
(D) G(D) ∼= Z.
(2) Suppose that charD/M = p > 0. Then the following statements are equiv-
alent.
(a) D is an AV-domain (resp., API-domain).
(b) D ⊆ D is a root extension (resp., bounded root extension).
(c) D/M ⊆ D/M is a root extension (resp., bounded root extension).
(d) The group of divisibility G(D) of D has the form G(D) ∼= T ⊕Z where
T is torsion (resp., of bounded order).
Proof. Since D is a finitely generated D-module, by Theorem 6 D is an AV-domain
(resp., API-domain) if and only if D̂ is. Also D̂/M̂ = D/M and D̂/M̂ = D/M , so
D/M ⊆ D/M is a (bounded) root extension if and only if D̂/M̂ ⊆ D̂/M̂ is.
(1) By Theorem 7, D̂ is an AV-domain if and only if D̂ is a DVR, but D̂ is a
DVR if and only if D is a DVR. So D is an AV-domain if and only if D is a DVR
and hence D is an API-domain if and only if D is a DVR. The equivalence of (c)
and (d) is given in paragraph preceding Theorem 9.
(2) (a)⇔ (b) The AV-domain case is immediate and does not require D to be a
finitely generatedD-module. Now forD a finitely generatedD-module, [D : D] 6= 0
and hence D is an API-domain if and only if D ⊆ D is a bounded root extension
(Theorem 4 (4), (5)). Certainly (b)⇒ (c). Suppose that (c) holds, so D̂/M̂ ⊆ D̂/M̂
is a root extension (resp., bounded root extension). First suppose that charD = 0
and charD/M = p > 0. Then Theorem 8 gives that D̂ is an AV-domain (resp.,
API-domain) and hence so is D. Next suppose that charD = charD/M . Then by
Theorem 7, D̂ is an AV-domain (resp., API-domain) and hence so is D.
(b)⇒ (d) This follows from the paragraph preceding Theorem 9.
(d) ⇒ (c) Suppose that G(D) ∼= T ⊕ Z where T is torsion (resp., of bounded
order). Now G(D) ∼= U(D)/U(D) ⊕ Zn where n =| max(D) |. Since T ⊕ Z ∼=
U(D)/U(D) ⊕ Zn, we have n = 1 and U(D)/U(D) is torsion (resp., of bounded
order). Thus D/M ⊆ D/M is a root extension (resp., bounded root extension). 
Recall that an integral domain is called a Cohen-Kaplansky domain (CK-domain)
if (1) D is atomic (i.e., each nonzero nonunit is a finite product of irreducible ele-
ments) and (2) D has only finitely many irreducible elements up to associates. For
results on CK-domains, the reader is referred to [3]. A domain D is a CK-domain
if and only if D is semi(quasi)local and D is locally a CK-domain. A local domain
(D,M) is a CK-domain if and only if D is a DVR or D is a one-dimensional analyt-
ically irreducible domain with D/M finite. Now if D is a CK-domain, then D ⊆ D
is a bounded root extension and D is a semilocal PID with |maxD| = |maxD|.
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Hence a CK-domain is a API-domain. A local API-domain with D a finitely gen-
erated D-module is a CK-domain if and only if D is a DVR or D/M is finite.
Theorem 4.5 [3] gives a structure theory for complete local CK-domains, compare
with Theorem 7 and 8 giving a structure theory for complete local AV-domains and
API-domains.
We next consider another type of “almost DVR”. If D is a DVR with a uni-
formizing parameter pi, then each nonzero nonunit y of D can be written (uniquely)
in the form y = upin for some natural number n and unit u of D. We next define
an “almost uniformizing parameter”.
Definition 10. Let D be a domain that is not a field. An element a ∈ D is called an
almost uniformizing parameter for D if for each nonzero nonunit y ∈ D there exist
natural numbers m and n and a unit u of D with ym = uan. A domain having an
almost uniformizing parameter is called a rational almost valuation domain (RAV-
domain).
The name “rational almost valuation domain” becomes apparent from the next
theorem. Note that an almost uniformizing parameter for a domain D, if it exists,
is far from being unique. Suppose that a is an almost uniformizing parameter for a
domainD. Let b be a nonzero nonunit of D. Then bm = uan for natural numbersm
and n and unit u ofD. Let c be any nonzero nonunit ofD. Then cl = vak for natural
numbers l and k and unit v of D. Then cnl = vnank = vn(u−1bm)k = (vnu−k)bmk.
So b is also an almost uniformizing parameter for D.
Theorem 11. A domain D is a RAV-domain if and only if D is an AV-domain
and D is a rational valuation domain (i.e., the value group G(D) of D is order-
isomorphic to a subgroup of (Q,+)).
Proof. (⇒) Suppose that D is a RAV-domain. Let a be an almost uniformizing
parameter for D. We first show that D is an AV-domain. Let y, z ∈ D∗. If y or z is
a unit, then y | z or z | y. So suppose that y and z are nonunits. Then there exist
natural numbers n, n′, n,m′ and units u, v of D with ym = uan and zm
′
= van
′
.
Then ymm
′
= um
′
anm
′
and zmm
′
= vmamn
′
. So ymm
′ | zmm′ or zmm′ | ymm′ .
Hence D is an AV-domain. Thus D is a valuation domain and D ⊆ D is a root
extension. Let v be the valuation associated with D. Let z be a nonzero nonunit
of D. So there exits a natural number l with zl ∈ D. Since zl is a nonzero nonunit
of D, there exist natural numbers m and n and a unit u of D with zml = uan. So
mlv(z) = v(zml) = v(uan) = nv(a). Thus v(z) = nmlv(a) (this makes sense because
G(D) is torsion-free). Let G = {q ∈ Q | qv(a) ∈ G(D)}. It is easy to check that
G is a subgroup of (Q,+) with G(D) = Gv(a). It is also easy to check that the
map given by q → qv(a) is an order-isomorphism. Hence D is a rational valuation
domain.
(⇐) Suppose that D is an AV-domain with D a rational valuation domain. We
may assume that G(D) is a subgroup of (Q,+). Let v be the valuation associated
with D. Let a be a nonzero nonunit of D. We show that a is an almost uniformizing
parameter for D. Let b be a nonzero nonunit of D. Then v(a) = mn and v(b) =
m′
n′ , where m,n,m
′, n′ are natural numbers. Thus v(anm
′
) = mm′ = v(bmn
′
), so
bmn
′
= uam
′n for some unit u of D. Since D ⊆ D is a root extension, there exists
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a natural number k with uk ∈ D. So bmn′k = ukam′nk where uk is a unit of D.
Hence a is an almost uniformizing parameter for D, so D is a RAV-domain. 
The title of this paper is Almost Discrete Valuation Domains. So what is (or
what should be) an almost DVR? We have investigated several generalizations:
(quasi)local AV-domains with D a DVR, (quasi)local API-domains, and RAV-
domains. Now we consider the following seven conditions for a (necessarily) quasilo-
cal integral domain (D,M):
(1) D is a local API-domain,
(2) D is a Noetherian AV-domain,
(3) D is an AV-domain and for each ideal A with 0 ( A ( D, there exists a
natural number n with Mn ⊆ A,
(4) D is an AV-domain with D a DVR,
(5) D is an AV-domain with
⋂
∞
n=1M
n = 0,
(6) D is a quasilocal API-domain, and
(7) D is a RAV-domain.
Our next theorem gives some of the implications among (1)-(7).
Theorem 12. Let (D,M) be a quasilocal integral domain.
(a) We have the following implications
(1)⇒ (2)⇒ (3)⇒ (5), (2)⇒ (4)⇒ (5), (1)⇒ (6), and (4)⇒ (7).
(b) We also have
(2); (6) and (6); (2) (so (2); (1) and (6); (1)),
(3); (2), (4); (2) and
(7); (5) (so (7); (3) and (7); (4)).
Proof. (a) (1)⇒ (2) Clear.
(2)⇒ (3), (4) SinceD is a Noetherian AV-domain, D is a Krull domain. SinceD
is a valuation domain, D is a DVR. This gives (4). Now D a DVR gives dimD = 1.
So D is a one-dimensional local domain and hence (3) holds.
(3)⇒ (5) Here ⋂∞n=1Mn ⊆
⋂{A | 0 ( A ( D is an ideal of D} = 0.
(4)⇒ (5) Let Q be the maximal ideal of D. So ⋂∞n=1Mn ⊆
⋂
∞
n=1Q
n = 0.
(1)⇒ (6) Trivial.
(4)⇒ (7) Suppose that D is a DVR. Then D is a rational valuation domain, so
D is a RAV-domain by Theorem 11.
(b) This will follow from Example 14. 
The following diagram summarizes Theorem 12.
(1)
))
,, (6)
/
ll
/
uu
(2)
/
ii
/
55
 
(3)
/
BB
))
(4)
/
\\
uu
**
(7)
/
jj
/ **
(3)
(5)
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Our next theorem summarizes when the D+M construction satisfies one of the
conditions (1)-(7). This will be used to show that certain implications given in
Theorem 12 cannot be reversed.
Theorem 13. Let (V,M) be a valuation domain with the quotient field L of the form
V = K +M (e.g., V = K[X ](f) where f is linear or V = K[[X ]], K is a field).
Let D be a subring of K having quotient filed F , D (resp., D˜) the integral closure
of D in F (resp., K) and R = D +M . So R is a subring of V with quotient field
L.
(1) R = V ⇔ D = K. If R ( V , [R : V ] =M .
(2) R = D˜ +M .
(3) R is quasilocal ⇔ D is quasilocal.
(4) R is local ⇔ R is Noetherian ⇔ V is a DVR, D = F is a field and [K :
F ] <∞.
(5) R is a valuation domain ⇔ D is a valuation domain and K = F .
(6) R is a DVR (resp., rational valuation domain) ⇔ D = K and V is a DVR
(resp., rational valuation domain) ⇔ R = V is a DVR (resp., rational
valuation domain).
(7) R ⊆ R is a (bounded) root extension ⇔ D ⊆ D˜ is a (bounded) root exten-
sion.
(8) R is an AV-domain ⇔ D˜ is a valuation domain with quotient field K and
D ⊆ D˜ is a root extension ⇔ D is an AV-domain and F ⊆ K is a root
extension (i.e., F ⊆ K is a purely inseparable extension or K is algebraic
over a finite field.).
(9) R is an AV domain with R a DVR (necessarily R = V ) ⇔ (R,Q) is an
AV-domain with
⋂
∞
n=1Q
n = 0 ⇔ (R,Q) is an AV-domain and for each
ideal A of R with 0 ( A ( R there exists a natural number n with Qn ⊆ A
⇔ V is a DVR, D = F is a field and F ⊆ K is a root extension.
(10) R is a local AV-domain ⇔ V is a DVR, D = F is a field with [F : K] <∞
and F ⊆ K is a root extension.
(11) R is a quasilocal API-domain ⇔ V is a DVR, D = F is a field and F ⊆ K
is a bounded root extension (i.e., F ⊆ K is purely inseparable of bounded
exponent or K is finite).
(12) R is a local API-domain ⇔ V is a DVR, D = F is a field with [F : K] <∞,
and F ⊆ K is a bounded root extension.
(13) R is a RAV-domain ⇔ V is a rational valuation domain, D = F is a field,
and F ⊆ K is a root extension.
Proof. (1)-(5) are well-known.
(6) This follows from (5) and the facts that dimR = dimD + dim V and a
rational valuation domain (and hence a DVR) is one-dimensional.
(7) Clear.
(8) By Theorem 2 (1), R is an AV-domain if and only if R = D˜ + M is a
valuation domain (equivalently, D˜ is a valuation domain with the quotient field K)
and R ⊆ R is a root extension (equivalently, D ⊆ D˜ is a root extension). Suppose
that D˜ is a valuation domain with quotient field K and D ⊆ D˜ is a root extension.
By Theorem 2 (4), D is an AV-domain. And since D ⊆ D˜ is a root extension,
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L = T (D) ⊆ T (D˜) = K is a root extension. Conversely, suppose that D is an
AV-domain and F ⊆ K is a root extension. Then D ⊆ D˜ is a root extension. For
if x ∈ D˜ ⊆ K, then xn ∈ F for some natural number n. But xn is integral over D,
so xn ∈ D. But D ⊆ D is also a root extension, so there exists a natural number m
with xmn = (xn)m ∈ D. So D ⊆ D˜ is a root extension. The condition equivalent
to F ⊆ K being a root extension is Theorem 1 (1).
(9) R is an AV-domain with R a DVR (equivalently, D˜ = K and R = V is a
DVR) ⇔ D = F is a field with F ⊆ K a root extension and V is a DVR. Suppose
that the last condition holds. LetM = V pi be the maximal ideal of V . SoM is also
the maximal ideal of R. Let A be a nonzero proper ideal of R. Now some pin ∈ R
since R ⊆ R is a root extension and hence pimn = (pin)m ∈ A since dimR = 1, and
so
√
A = M . Then Mmn+1 = pimnM ⊆ AM ⊆ A. Finally, suppose that (R,Q) is
an AV-domain with
⋂
∞
n=1Q
n = 0. Now M ⊆ Q, so ⋂∞n=1Mn ⊆
⋂
∞
n=1Q
n = 0 and
hence V is a DVR. Now if D is not a field, then Q ) M and hence Qn ⊇ M for
each natural number n. Then M ⊆ ⋂∞n=1Qn = 0, a contradiction.
(10) This follows from (4) and (8).
(11) (⇒) Suppose that R is a quasilocal API-domain. Since [R : V ] = M 6= 0,
R ⊆ R is a bounded root extension and R is a DVR by Theorem 4 (5). By (9), V
is a DVR and D = F is a field. Since R ⊆ R is a bounded root extension, F ⊆ K
is a bounded root extension.
(⇐) R = V is a DVR and R ⊆ R is a bounded root extension since D = F ⊆ K
is a bounded root extension. By Theorem 4 (4), R is a a quasilocal API-domain.
(12) This follows from (4) and (11).
(13) (⇒) Suppose that R is a RAV-domain. Then R is a rational valuation
domain by Theorem 11. By (6), R = V , so V is a rational valuation domain. Since
dimR = dimR = dimV = 1, D = F is a field. By (8), F ⊆ K is a root extension.
(⇐) Here R = V is a rational valuation domain, so by Theorem 11, R is a
RAV-domain. 
Example 14. (Non-implications of Theorem 12)
(a) (2) ; (6) (local AV-domain ; quasilocal API-domain) [2, Example 3.6]
Let F =
⋃
∞
n=1GF (p
2n) and K = F (GF (p3)). So [F : K] < ∞ and
F ( K is a root extension but not a bounded root extension (Theorem
1). So R = F +XK[[X ]] is a local AV-domain but not an API-domain by
Theorem 13 (12) or Theorem 7.
(b) (6) ; (2) (quasilocal API-domain ; local AV-domain) [2, Example 3.7]
Let {Xn}∞n=1 be a set of indeterminates over Zp. Let K = Zp({Xn}∞n=1)
and F = Zp({Xpn}∞n=1). So F ⊂ K is a infinite dimensional bounded root
extension. Hence R = F + XK[[X ]] is a non-Noetherian quasilocal API-
domain by Theorem 13 (10), (11).
(c) (3) ; (2), (4) ; (2) ((R,Q) an AV-domain with Qn ⊆ A for each ideal
0 ( A ( R, or R a DVR ; R is a local AV-domain) Use (a) and apply
Theorem 13 (9), (10).
(d) (7); (5) (R is a RAV-domain; (R,Q) is an AV-domain with
⋂
∞
n=1Q
n =
0) Just take a valuation domain with value group (Q,+).
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